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 The aim of the present paper, is to introduce and study a new class of functions which is 

strictly placed between the class of ��-continuous functions and the class of semi-

continuous function, we call it the class of  ��-continuous functions. The basic 

properties, characterizations and  relationships with some other classes of continuity are 

also obtained. 
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1. Introduction and Preliminaries 

Throughout the present paper (�, �) and 	
, �� or simply � and 
 denote topological spaces on which no 

separation axioms are assumed unless explicitly stated. We recall the following definitions, notations and 

terminology. The closure (resp. interior) of a subset 
	of � is denoted by ��
 (resp. ���	
). A subset 
 of a 

space � is said to be semi-open [17] (resp., preopen [20],		�-open [24], �-open [1],   regular open [32], �-

semi-open [28], and g-closed [16]) set,  if 
	 ⊆ 	�����
 (resp. 
	 ⊆ 	�����
, 
	 ⊆ 	��������
, 
	 ⊆	�������
, 
 � 	�����
, 
 ⊆ 	������
	���	��
	 ⊆ 	� whenever �	is open and 
 ⊆ �). The complement of 

a semi-open (resp. preopen, �-open, �-open, regular open,  �-semi-open and g-closed) set is said to be semi-

closed (resp. preclosed, α-closed, �-closed, regular closed, �-semi-closed  and g-open).The family of all 

semi-open (resp., preopen, �-open, �-open, regular open, �-semi-open and g-closed) subsets of a 

topological space �	is denoted by ��	�� (resp., ��	��, ��	��, ��	��, ��	��, ���	��	 and	 !	��). A 

subset 
 of a space � is called "-semi-open [11] (resp., �-open [34], "-open [34]) if for each #	 ∈ 	
, there 

exists a semi-open (resp., open, open) set	  such that  # ∈  ⊆ �� ⊆ 
 (resp., # ∈  ⊆ ����� ⊆ 
, # ∈ ⊆ �� ⊆ 
). The complement of	"-semi-open (resp., �-open and "-open) set is said to be θ-semi-closed 

(resp.	�-closed, "-closed). The family of all "-semi-open (resp., �-open and "-open) subsets of a topological 

space � is denoted by "��	�� (resp. ��	�� and  "�	��). A subset 
 of a space � is called �%-open[13] 
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(resp. �&-open[30], �'-open[15], �(-open[12] and ��-open[3])  if for each #	 ∈ 	
	 ∈ 	��	��, there exists a 

closed (pre-closed, semi-closed, �-closed, g-closed) set ) such that # ∈ ) ⊆ 
. Further, a �-semi-open 
 of 

a space � is said to be �+,-open[2], if for each # ∈ 
 there exists a closed set ) such that # ∈ ) ⊆ 
. The 

family of all �%-open (resp. �&-open, �'-open, �(-open, ��-open and �+,-open) subsets of a topological 

space � is denoted by �%�	�� 	resp. �1�	��, �2�	��, �(�	��, 	���	�� and �+,�	��).    A function 3:	�	 → 	
 is said to be "+–continuous [14] (resp. continuous [31], �-continuous [21], super continuous 

[23], totally continuous [10], perfectly continuous [25], totally-semi-continuous [27],	�!-continuous [6], 

contra-continuous [5], precontinuous [19]) if the inverse image of each open  subset of 
	is "-semi-open 

(resp. open, �-open, �-open, clopen, clopen, semi-clopen, regular closed, closed, preopen) in �. A function 3:	�	 → 	
 is said to be slightly continuous [10] (resp. semi-continuous [17], clopen continuous [29], contra-�-continuous [9], contra pre-continuous [8], �-continuous [1], �%-continuous [13], �1-continuous [30], �2-
continuous [15], �(-continuous [12] and	�+%-continuous [2] )) if the inverse image of each clopen (resp. 

open, open, open, open, open, open, open, open, open and open) subset of 
 is open (resp. semi-open, 

clopen, �-closed, pre-closed, �-open and �%-open) in �. A function 3: �	 → 
	is said to be quasi-"-continuous[26] if for each # ∈ � and each "-open set < of 
 containing f(x), there exists a	"-open set �	of � containing # such that 3	�� ⊆ <. A function 3: �	 → 
	is said to be �-map [22] if the inverse image of 

each regular open subset of 
 is regular open in �.  

Definition 1.1 A semi-closed set 
 of a space � is called ��-closed set if  �\
  is ��-open set. The family of 

all ��-closed subsets of a space � is denoted by ��!(�).  

Proposition 1.2 [3]  A subset 
 of a space �	is ��-open if and only if 
 is semi-open and 
 is a union of g-

closed sets. 

Proposition 1.3 A subset 
 of a space � is ��-closed if and only if 
 is semi-closed set and it is an 

intersection of g-open sets. 

Proof.  Obvious. 
          The intersection of all ��-closed sets of �	containing 
 is called the ��-closure of 
 and is denoted by ����	
�. The union of all  ��-open sets of � containing 
 is called the  ��- interior of 
	and is denoted by �����	
�.	 
Definition 1.4  A space � is said to be:  

1- extermally disconnected [35] if the closure of every open set in � is open . 

2- locally indiscrete [4]  if every open subset of � is closed. 

3- >?		@ 	- space [16]  if every g-closed set is closed. 

Proposition 1.5 [3]  1-Every "-open (resp."-semi open) set of � is 	��-open. 

 2- Every regular closed set of a space � is 	��-open. 

 3- Every �+,-open and 	�%–open set of a space � is 	��-open. 

Proposition 1.6 [3]  If �	is a locally indiscrete space, then ��(�) = 	���(�). 

Theorem 1.7 The following conditions are equivalent for a space (�, >): 

1- � is extremally disconnected 

2- Every semi-open subset of � is preopen [33] 

3- Every semi-open subset of � is �−open [18] 

Proposition 1.8 [3]  If 	� is a	>?		@ - space, then ���(�) = �%�(�). 

Theorem 1.9  The following conditions are equivalent for the extremally disconnected space (�, �): 

1-��	�� 	� 	�!	�� [7] 

2- ��	�� 	� 	"��	�� [36] 

Corollary 1.10  For any subset 
 of  a space �,  �\	�����(
) � ����(�\
). 
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Proof.  Let #	 ∈ 	�\	�����(
). Then 	#	 ∉ �����(
). Therefore, for each ��-open set � containing #, #	 ∈	�	 ⊆ ����(�) ⊈ 	
,  so that	 ����(�� ∩ 	�\
� 	≠ Ø for every ��-open set � containing #. Hence #	 ∈	����(�\
). Hence, 	�\�����(
) � ����(�\
). 

Proposition 1.11 [3] If � is a >F-space, then ��	�� = 	�%�	�� � 	���	��. 
Proposition 1.12 [3]  For any subset A of a space �, the following conditions are equivalent: 

1- 
 is regular closed.   

2- A is closed and ��-open. 

3- A is closed and semi-open 

4- A is closed and �-open. 

5-A is	�-closed and �-open. 

6- A is pre-closed and �-open. 

Corollary 1.13  [3] Let 
 be a clopen subspace of a space �. If 
	 ∈ ���(�), then 
 ∩ 
	 ∈ ���(
). 

Proposition 1.14 [3]  Let	
	be a subset of a subspace 
 of a space �. If 	
	 ∈ ���(
) and 
	 ∈ �!(�), then 
	 ∈ ��� (�). 

Proposition 1.15 [3]  Let 
 and  G be two subsets of a space		�. If 
 ∈ 	���(�) and G is clopen, then 
 ∩ G ∈ 	���(�). 

Proposition 1.16 [3]  If  
 ∈ ���(�) and G ∈ ���(
), then 
 ×B ∈ ���(� × 
).  

Corollary 1.17 [3] If 	� is a	>?		@  - space, then: 

1-	���(�) ⊆ �2�(�). 

2-���(�) ⊆ �(�(�). 

3-���(�) ⊆	�1�(�). 

 

 

2. ��-continuous Functions: 

Definition 2.1  A function 3: (�, �) → (
, �) is called  ��-continuous at a point #	 ∈ 	�, if for each open set 

� of 
 containing 3(#) there exists an ��-open set   in � containing # such that 3	 � 	⊆ 	�. If 3 is ��-

continuous at every point # of � , then it is called ��-continuous. 

Proposition 2.2  A function 3:		�, >� 	→ 	 	
, �� is ��-cotinuous if and only if for every open subset � of 

Y,	3IF	�� is an ��-open in	�. 
Proof.  Let 3 be an ��-continuous function and � be any open set in	
. To show that 3IF	�� is an ��-open 

set in	�, if 	3IF	�� � Ø, implies that	3IF	�� is an ��-open set in	�, and if  3IF	�� ≠ Ø, then for each 

#	 ∈ 	 3IF	��,  we have  3	#� ∈ 	� . Since 3 is ��-continuous, then there exists an ��-open set �K in � such 

that #	 ∈ 	�K and	3		�K� ⊆ 	�. That is,  # ∈ 	�K 	⊆ 3IF	��.		This shows that 3IF	��	is an 	��-open	in	�.	 
         Conversely,	let # ∈ � and let < be an open set in	
 containing 3	#�. Then #	 ∈ 	 3IF	<� and by 

hypothesis 3IF	<� is ��-open in � containing	#, so 3		3IF	<��� 	⊆ 	<. Therefore, 3 is ��-continuous. 

Proposition 2.3  Every ��-continuous function is semi-continuous. 

          The converse of Proposition2.3 is not true in general as shown in the following example:  

Example 2.4  Let � �{�, M, �} and � �{Ø, �, {M}} and � �{Ø, �, {�}, {M}, {�, M}}. Then ��(�, �) = {Ø, �, {M}, {M, �}, {�, M}}, ���(�, �) = {Ø, �,{�, M}, {�, �}}, ��(�, �) = {Ø, �, {�}, {M}, {�, M}, {�, �}, {M, �}} and ���(�, �) = {Ø, �,{�, �}, {M, �}}. If the function 3: 	�, �� → 	 	�, �� is defined by 3	�� � 3	M� � M and 3	�� � �, then 3 is semi-continuous but not ��-continuous. 

Proposition 2.5  Every "2-continuous function is ��-continuous. 

          The converse of  Proposition 2.5   not true in general as shown in the following example: 
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Example 2.6  �	= {�, M, �} and �	= {Ø, �,{�}, {�, M}} ��(�) = {Ø, �,{�}, {�, M}, {�, �}}, ���(�) = 

{Ø, �,{�, �}} and "��(�) = {Ø, �} if the function 3:	�	 → 	� defined by 3	�� � 3	�� � � and	3	M� � 	M, 

hence 3 is ��-continuous since {�} 	∈ 	�	and {�, �} 	∈ 	 ���(�) but {�, �} ∉ 	"��(�). 

Proposition 2.7  Every �%-continuous and		�+%-continuous function is ��-continuous. 

         The converse of Proposition2.7 is  not true in general as shown in the following example: 

Example 2.8  Let �	= {�, M, �} and �	= {Ø, {�}, �}. Then ��(�) = {Ø,�, {�}, {�, M}, {�, �}} and   !	�� = {Ø,�, {M}, {�}, {M, �}, {�, �}, {�, M}}. Hence ���	�� = {Ø, {�, �}, {�, M}, �} and �%�	�� =�+,�	�� � 

{Ø,�}. If the function 3:	�	 → 	� defined by 3	�� � 3	�� � � and 3	M� � 	M, then 3 is ��-continuous. Since {�} ∈ 	�	and {�, �} 	∈ ���(�) but neither �% 	-continuous nor �+,  	-continuous   {�, �} 	∉ 	�%�(�) =�+,�	��. 
            The following examples show that the ��-continuous and quasi-"-continous function are independent 

concepts: 

Example 2.9  Let �= {�, M, �} and �	={∅, �, {�}, {�, M}}. If  3: 	ℛ, >%RS� → 	�, �� is a function given by 

3	#� � T�									if					# ∉ {0,1}�									if										# � 0M									if									# � 1 . 

Since the only open set which contains 3	#� is  � for each 	# ∈ ℛ,  then ℛ is "-open which contain the point # and 3	�� � � ⊆ � . So 3 is quasi-"-continuous but 3 is not ��-continuous function. Since {�} is open in � 

but 3IF	{��} � {0} which is not ��-open in ℛ. 

Example 2.10  Let � � {�, M, �, �},  � � {∅, �, {�}, {M}, {�, M}} and � ={∅, #, {�, �}, {M, �}}		then ��	�, �� ��	��\{{�}, {�}, {�, �}},  ���	�, �� � {∅, �, {�, �}, {�, �}, {M, �}, {M, �}, {�, M, �}, {�, M, �}, {�, �, �}, {M, �, �}}  
and "�	�, �� � {∅, �}. The identity function	3: 	�, �� → 	�, �� is not quasi-"-continuous function. Since {�, �} is "-open in 	�, �� , but 3IF	{�, �}� � {�, �}	is not  "-open in 	�, ��. However, it is easy to see that 3 

is ��-continuous function.  

Proposition 2.11  Every  totally continuous (resp. perfectly continuous) function is ��-continuous. 

Proof. Let < be any open subset in	
. Then 3IF(<) is clopen in	�. Hence 3IF(<) ∈ ���(�), then by 

Proposition2.2, 3 is ��-continuous.     

Proposition 2.12  A function 3:	�	 → 	
 is ��-continuous if and only if 3 is semi-continuous and for each #	 ∈ 	� and each open set < of 
 containing 3	#�, there exists a g-closed set ) of � containing # such that 3		)� 	⊆ 	<. 
Proof.  Let 3:	�	 → 	
 be a ��-continuous and also let #	 ∈ 	� and < be any open set in 
 containing 3	#�. 
By hypothesis, there exists an ��-open set � of � containing # such that 3 	�� 	⊆ 	<. Since � is an ��-open 

set and #	 ∈ 	�,  then there exists a g-closed set ) of � such that	#	 ∈ 	)	 ⊆ 	�. Therefore, we have 3	)� ⊆	<.	Since 3 is ��-continuous, then by Proposition 2.3, 3 is semi-continuous. 

         Conversely, let < be any open set in 
.	We have to show that 3IF	<� is ��-open in �. Since 3 is semi-

continuous, then			3IF	<� is semi-open in �. Let #	 ∈ 	 3IF	<�. Then	3	#� 	∈ 	< and by hypothesis, there 

exists a g-closed set ) of � containing # such that 3		)� 	⊆ 	<, which implies that #	 ∈ 	)	 ⊆ 	3IF	<�. 
Therefore, 3IF	<� is an ��-open set in �. Hence by	Proposition2.2, 3 is ��–continuous.  

Proposition 2.13  If 3:	�	 → 	
 is  a function and � is locally indiscrete, then 3 is ��-continuous if and only 

if it is semi-continuous. 

Proof. Let 3 be semi-continuous and � be locally indiscrete .Let � be any open subset in	
. Then 3IF	�� is 

semi-open in �. Since � is locally indiscrete, then by Proposition1.6,  3IF	<� 	∈ ���(�). Thus 3 is an ��-

continuous function. 

        Conversely, let 3 be ��-continuous. Then by Proposition 2.3, 3 is semi-continuous.   

Proposition 2.14  If 3:	�	 → 	
 is a function and � is a >F-space, then the following properties are 

equivalent: 

1- 3 is ��-continuous  
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2- 3 is semi-continuous  

3- 3 is �%-continuous.  

Proof.  (1) → (2) Let 3:	�	 → 	
 be an  ��-continuous function. Then by Proposition 2.3,  3 is a semi-

continuous function. 

 (2) → (3)  Let 3:	�	 → 	
 be a semi-continuous function and let < be open in 
. Then 3IF	<� is semi-open 

in �. Since for all #	 ∈ 3IF	<�,  {#} is closed and #	 ∈ 	 {#} 	⊆ 	3IF	<�, so 3IF	<� 	∈ �%�	��. Thus 3 is an �%-continuous function. 

 (3) → (1)  Follows from Proposition2.7. 
Proposition 2.15  If  3:	�	 → 	
 is a totally-semi-continuous function and  � is locally indiscrete, then 3 is ��-continuous. 

Proof.  Let 3 be totally-semi-continuous and � be locally indiscrete. Let < be any open subset of 
. Since 3 

is totally-semi-continuous, then 3IF(<) is semi- clopen in �. This implies that,  3IF(<) ∈ ��(�) . Since � is 

locally indiscrete, then by Proposition1.6, 3IF(<) ∈ ���(�). Thus 3 is ��-continuous. 

          The following example shows that a slightly continuous function need not be ��-continuous in general, 

even on a locally indiscrete space. 

Example 2.16  Let  � � {�, M, �}, � � \∅, �, {�}, {M, �}] and � � \∅, �, {�}]. Then ��	�, �� � ���	�, �� �\∅, �, {�}, {M, �}]. It’s clear that 	�, �� is locally indiscrete, so if we define the function 3: 	�, �� → 	 	�, �� by 3	�� � M	and 3	M� � 3	�� � �, then 3 is slightly continuous but 3 is not ��-continuous. Since {�} is open 

in 	�, ��  but 3IF({�}� � {M} which is not ��-open in 	�, �� .  
Theorem 2.17  If  3:	�	 → 	
 is an ��-continuous function and � is extermally disconnected, then 3 is �-

continuous (resp. precontinuous).  

Proof.  Let � be any open subset of	
. Since 3 is ��-continuous, then 3IF(�) ∈ ���(�), whence 3IF(�) ∈ ��(�). Since � is extermally disconnected, then by Theorem1.7,	3IF(�) ∈ 	��(�) (resp. 3IF(�) ∈ ��(�)). 

Thus, 3 is �-continuous (resp. precontinuous). 
Theorem 2.18  Let � be an extermally disconnected space and 3:	�	 → 	
 is a super continuous (resp. R-

map) function. Then 3 is ��-continuous.  

Proof.  Let 3 be super continuous (resp. R-map) and � is extermally disconnected, and let < be any open 

subset in 
. Then 3IF(<) is �-open (resp. regular open) in �. Since � is extermally disconnected, then by 

Theorem1.9, 3IF(<) ∈ 	"��(�) (resp.	3IF(<) ∈ 	�!	��) and by Proposition1.5, 3IF(<) ∈ ���(�). Thus by 

Propositioin2.2, 3 is ��-continuous. 

Corollary 2.19  If 3:	�	 → 	
 is a function and � is a	>?		@ -spsce, then 3 is ��-continuous if and only if it is 

�,-continuous. 

Proof.  Follows by Proposition1.8  

 Proposition 2.20   For a function3:	�	 → 	
, the following statements are equivalent: 

1- 3 is ��-continuous function. 

2- 3IF(<) is an ��-closed set in	�, for each closed set < in 
. 
3- 3(����(
)) ⊆ ��(3(
)), for each subset 
 of  �. 
4- ����(3IF(G)) ⊆ 3IF(��(G)), for each subset G of 
. 

5- 3IF(���G) ⊆ �����(3IF(G)), for each subset G of	
. 
Proof. (1) → (2)  Let < be any closed subset of 
. Then 
\< is open in	
, so by Proposition 2.2, 3IF(
\<) 

=�\3IF(<) is ��-open in �. Thus 3IF(<) is ��-closed in	�.          
 (2) → (3)  Let 
	 ⊆ 	� . Then 3(
� 	⊆ 	
. Since 3(
) ⊆ ��3(
), and by (2) 3IF(��3(
)) is ��-closed in � 

and 
	 ⊆ 	3IF(��3(
)), then ����(
) ⊆	(��3(
)).This implies that, 3 (����(
)) ⊆ ��3(
). 

(3) → (4)  Let	G	 ⊆ 	
. Then 3IF(G) ⊆ 	� and by (3) we have  3(����(3IF(G))) ⊆ ��3	3IF(G). Therefore, 

3(����(3IF(G))) ⊆ ��(G). This implies that,  ����(3IF(G)) ⊆	3IF(��(G)).  
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(4) → (5)  Let	G	 ⊆ 	
. Then	
\G	 ⊆ 	
. Therefore by (4) ����(3IF(
\G)) ⊆	3IF(��(
\G)), then ����(�\3IF(G)) ⊆	3IF(
\���G). This by Corollary 1.10 implies that, �\�����(3IF(G)) ⊆ 	�\3IF(���G). Hence 

3IF(���G) ⊆ �����(3IF(G)). 
(5) → (1)  Let < be any open subset of 
. Then by (5) 3IF(���	<)) ⊆ �����(3IF(<)). This implies that 3IF(<) ⊆ �����(3IF(<)). Hence 3IF(<) is an ��-open set in �. Thus 3 is an ��-continuous function. 
Proposition 2.21  If  3:		�, >� 	→ 	 	
, <� is a continuous function and � is a  >F-space, then it is ��-

continuous. 

Proof. Since every open set is a semi-open set and � is a >F-space, so by Proposition1.11, ��(�) = ���(�). 

Therefore, every open set is ��-open, and hence 3 is ��-continuous. 

Proposition 2.22  Let 3:	�	 → 	
  be an ��-continuous function. If 
 is a subspace of	^, then 3:	�	 → 	^ is ��-continuous. 

Proof. Let � be an open set in ^. Then � ∩ 
 is an open in 
. Since 3 is ��-continuous, by Proposition 2.2, 3IF(� ∩ 
) is an ��-open set in	�. But 3	#� 	∈ 	
 for each #	 ∈ 	�, so  3IF(�) =	3IF(� ∩ 
) is an ��-open 

subset of �. Therefore, by Proposition 2.2, 3:	�	 → 	^ is ��-continuous.  

Proposition 2.23  The following statements are equivalent for a function 3:	�	 → 	
: 
1- 3 is �!-continuous.  

2-	3 is ��-continuous and contra-continuous. 

3-	3	is semi-continuous and contra-continuous.  

4- 3 is �-continuous and contra-continuous. 

5- 3 is �-continuous and contra �-continuous. 

6- 3 is �-continuous and contra-pre-continuous. 

Proof. This is an immediate consequence of Proposition1.12. 

Proposition 2.24  Let 3:	�	 → 	
	be an ��-continuous function.	If 
 is a clopen subset of	�, then  3|
:	
	 → 	
 is ��-continuous .   
Proof.  Let < be any open set of 
. Since 3 is ��-continuous, then by Proposition 2.2, 3IF(<) is an ��-open 

set in	�. Since 
 is a clopen subset of	�, by Corollary 1.13, 	3|
�IF (<) � 3IF(<) ∩ 	
 is an ��-open 

subspace of	
. This shows that 3|
:	
	 → 	
 is ��-continuous. 
Proposition 2.25  A function 3:	�	 → 	
 is ��-continuous, if for each #	 ∈ 	�, there exists a regular closed set 
 of � containing # such that	3|
:	
	 → 	
 is ��-continuous. 
Proof.  Let	#	 ∈ 	�. Then by hypothesis, there exists a regular closed set 
 containing # such that	3|
:	
	 →	
 is ��-continuous, let < be any open set of 
 containing 3	#�. There exists an ��-open set � in 
 

containing # such that 	3|
�	�� 	⊆ 	<. Since 
 is a regular closed set. By Proposition 1.14, �	is an ��-open 

set in �, whence	3		�� � 	 	3|
�	�� 	⊆ <. Thus  3 is ��-continuous.     

Proposition 2.26  If	� � 
 ∪ G, where 
 and G are regular closed sets and 3:	�	 → 	
 is a function such that 

both 3|
:	
	 → 	
 and 3|G:	G	 → 	
 are ��-continuous function, then 3 is ��-continuous. 

Proof.  Let < be any open set of	
. Then		3IF(<) = 	3|
�IF (<) ∪ 	3|G�IF (<). Since 3|
 and	3|G are ��-continuous. Then by Proposition2.2, 	3|
�IF(<) and 	3|G�IF(<)  are ��-open set in 
 

and	G, respectively. Since 
 and G are regular closed sets in	�, then by Proposition1.14, 	3|
�IF(<) and 	3|G�IF(<) are ��-open sets in	�.	Since union of two ��-open sets is ��-open. Hence 3-1
(<) is ��-open in	�. 

Therefore, by Proposition2.2, 3 is ��-continuous. 
Theorem 2.27  Let 3:	�	 → 	
 be a function and let {
a: b ∈ c} be a regular closed cover of �. If the 

restriction 3|
a: 
a  → 	
 is ��-continuous for each	b	 ∈ 	c, then 3 is ��-continuous. 

Proof.  Let 3|
a:	
a → 	
 be ��-continuous for each b	 ∈ 	c and let � be any open subset in	
.	Then by 

Proposition2.2, 	3|
a�IF (�) ∈ ���(
a) for each b	 ∈ 	c. But 	3|
a�IF (�)  = 3IF(�) ∩ 
a ∈ ���(
a) for 

each	b	 ∈ 	c. Since 
a	is regular closed for each b ∈ c, Then by Proposition1.14, 3IF	�) ∩	
a ∈ ���(�) for 
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each b ∈ c. So 3IF(�) =	∪a∈d(3IF(�) ∩ 
a) ∈ ���(�). Hence 	3IF(�) ∈ ���(�). Thus by Proposition2.2, 3 

is ��-continuous.   

Proposition 2.28  If 3:	�	 → 	
 is  an �-continuous function and � is locally indiscrete, then 3 is ��-

continuous. 

Proof.  Let #	 ∈ � and let � be any open subset of 
 containing 3	#�. Since every �-open set is semi-open 

and � is locally indiscrete, then by Proposition1.6, 3 is ��-continuous. 

 Theorem 2.29  Let 3:	�	 → 	
 be a surjection function. Then the following statements are equivalent: 

1- 3 is ��-continuous. 

2- For every	G	 ⊆ 	
, �����3IF(G) ⊆ 3IF(��G) and 3IF(��G) =∩e∈△ <e , where <e is g-open in �. 
3- For every	G	 ⊆ 	
, where 3IF(���G) ⊆ �����3IF(G) and 3IF(���G)�	∪e∈△ )e, where )e is g-closed in �. 
4- For every	
	 ⊆ 	�, 3(�����
) ⊆ ��3(
) and 3IF(��3(
)) =∩e∈△ <e , where <e  is g-open in �.  
Proof.  (1) → (2) Let	G	 ⊆ 	
. Then ��G is closed in 
. Since 3 is ��-continuous,  then by Proposition2.20, 3IF(��G) is ��-closed in �. Therefore, by Proposition1.3, 3IF(clG) is semi-closed and 3IF(��G) �∩e∈△ <e, 
where <e is g-open in �. Thus �����3IF(��G) ⊆ 3IF(��G) and 3IF(��G) = ∩e∈△ <e , where <e  is g-open in �.  

(2) → (3)  Let G ⊆	
.  Then 
\G ⊆ 
. So  by (2),  �����3IF(
\G) ⊆ 3IF(��	
\G)) and 3IF(
\G)�	∩e∈△ <e, 
where <e	is	g-open			for each 	� ∈ ∆. Then �\�����3IF(G) ⊆ �\3IF(���G)  and �\3IF	���G� 	�	∩e∈△ <e , 
where <e	 is	g-open			for each 	� ∈ ∆. Then 3IF	���G� ⊆ �����3IF(G)  and 3IF	���G� � 	⋃e∈△	�\<e�	, 
where �\<e	is	g-closed 		for each 	� ∈ ∆.    
(3) → (1)  Let G be open subset of 
. Then ���G � G , so by (3) 3IF(G) ⊆ �����3IF(G) and  3IF(G) �	∪e∈△ )e , where )e  is g-closed in �. Thus 3IF(G) ∈ ���(�). Hence 3 is an ��-continuous function.  

(2) → (4)  Let 
	 ⊆ 	�. Then 	3(
) ⊆ 
, so by (2), �����3IF(3(
)) ⊆	3IF(��3	
�� and    	3IF(��3(
�� �	∩e∈△ <e, where <e  is g-open in �	. Therefore, �����
 ⊆ 3IF(��3(
)) and 

 3IF(��3(
)) =	∩e∈△ <e, where <e is g-open in �. Hence 3(�����
)	⊆ ��3(
) and   3IF(��3(
)) =	∩e∈△ <e, where <e is an g-open set in �.  
(4) → (2)  Let G	 ⊆ 	
. Then 3IF(G) ⊆ 	�. Therefore, by (4) 3 (�����3IF(G)) ⊆ ��3(3IF(G)) ⊆ ��G and 3IF(��G) =∩e∈△ <e, where <e	is g-open in �. This implies that,  �����3IF(G) ⊆ 3IF(��G) and 3IF(��G) = ∩e∈△ <e, where <e is an g-open set in �. 

          The composition of two	��-continuous functions need not be ��-continuous, as it is shown by the 

following example: 

Example 2.30  Let �	= {�, M, �}, �= {Ø, �,{�}} and � = {Ø, �,{�}, {M}, {�, M}}, then ���(�, �)  = 

{Ø, �, {�, �}} and ���(�,	�) = {Ø,�, {�, �}, {�, M}}. Let 3: (�, �) → (�, �) be a function defined by: 3		�� 	�	3		�� 	� 	M and	3	M� 	� 	�. Then 3 is ��-continuous,  let j: (�,	�) →(�,	�) be a function defined by: j	�� � j	�� � � and j	M� � M	. Then j is ��-continuous but  jk3: (�,	�) → (�,	�) is not ��-continuous. 

Since jk3	M� � {�} 	∈ � but 	jk3�IF	�� � {M} 	∉ ���(�, �). 

Theorem 2.31  Let 3:	�	 → 	
 be an  ��-continuous  function and j:	
	 → 	^ be a continuous function. Then jk3:	�	 → 	^ is ��-continuous. 

 Proof.  Let		l be any open subset of ^. Since j is a continuous function, then jIF(l) is open subset of 
.	Since 3 is ��-continuous, then by Proposition2.2, 	jk3�IF (l) = 3IF(jIF(l)) is an ��-open subset in �. 
Thus by Proposition2.2, jk3 is ��-continuous. 

Proposition 2.32  Let �, 
F and 
m  be three spaces and	3e:	�	 → 	
i for � � 1, 2 are functions. If the  function  	j:	�	 → 	
F 	× 
m  defined as, j(#) = (#1, #2), where 3e(#) =	#i for	� � 1, 2 is ��-continuous, then 3e   is ��-

continuous for � � 1, 2.  
Proof.  Let	#	 ∈ 	� and <F  be any open set in 
F  containing 	3F(#) = #1. Then <F 	× 
m  is open in 
F 	× 
m  

which contain 	#1, #2). Since	j is ��-continuous. Then by Proposition 2.2, j-1
(<F 	× 
m) is ��-open in �. But  3-1(<F) = j-1(<F 	× 
m). Thus 3F is ��-continuous. Similarly we can prove that 3m is ��-continuous. 
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Proposition 2.33 Let 3, j:	�	 → 	
 be functions and 
 is Hausdorff. If 3 is ��-continuous and j is clopen 

continuous, then the set n	= {#	 ∈ 	�:	3	#� � j	#�} is ��-closed in �. 
Proof. Let	#	 ∉ 	n. Then	3	#� 	≠ 	j	#�. Since 
 is Hausdorff, then there exist open sets <1 and <2 of 
 such 

that 3	#� 	⊆ 	<1, 	j	#� 	⊆ 	<2 and 	<1∩ <2	� Ø. Since 3 is ��-continuous, there exists an ��-open subset �1 

of � containing # such that 3 (�1) ⊆ 	<1. Since	j is clopen continuous there exists a clopen subset �2 of � 

containing # such that j (�2) ⊆ 	<2. Then by Proposition1.15, the set  � � �1∩ �2 is an ��-open set of � 

containing #, and  � ∩ n � Ø. Therefore, we obtain	#	 ∉ ����(n). This is show that n is ��–closed in	�.   
Proposition 2.34  Let 3, j:	�	 → 	
 be ��-continuous functions such that ���	�� is a topology on � and 
 is 

Hausdorff. Then the set n	= {#	 ∈ 	�:	3	#� � j	#�} is ��-closed in �. 
Proof. Let	#	 ∉ 	n. Then	3	#� 	≠ 	j	#�. Since 
 is Hausdorff, then there exist open sets <1 and <2 of 
 such 

that 3	#� 	⊆ 	<1, 	j	#� 	⊆ 	<2 and 	<1∩ <2	� Ø. Since 3 and j are ��-continuous, then there exist  ��-open 

sets �1 and �2 in � containing # such that 3 (�1) ⊆ 	<1 and j	�2� 	⊆ 	<2. Then by hypothesis, the set  l � �1∩ �2 is an ��-open set of � containing # such that  � ∩ n � Ø. Therefore, we obtain	#	 ∉ ����(n). 

This is show that n is ��–closed in	�.  
Proposition 2.35  Let 3:	�1→ 
 and j:	�2 → 	
 be two ��-continuous functions. If 
 is a Hausdorff space, 

then the set n = {(#1, #2) ∈ 	�1× �2:	3(#1) � j(#2)} is ��-closed in the product space �1× �2. 

Proof.  Let (#1, #2)∉ 	n. Then 3(#1) ≠ 	j(#2). Since 
 is Hausdorff, there exist open sets <1and <2 of 
 such 

that 3(#1) ⊆ <1,	j	#m) ⊆ <2, and <1	∩ <2	� Ø. Since 3 and j are ��-continuous there exist ��-open sets �1 

and �2 of �1 and �2 containing #1 and #2 such that 3(�1) ⊆ <1 and j(�2) ⊆ <2, respectively. Then by 

Proposition 1.16, the set � � �1× �2 is an ��-open subset of �1× �2 containing (#1, #2) such that � ∩ n �Ø. Therefore, we obtain (#1, #2) ∉ ����(n). Hence n is an ��-closed set in the product space �1× �2. 

Corollary 2.36  Let 3: �	 → 
 be ��-continuous function and � is a >?		@  –space.Then: 

1- 3		is �2-continuous. 

2- 3		is �(-continuous. 

3- 3		is �1-continuous. 

Proof.  Follows directly by Corollary1.17.  
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